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Integration

Geometric/Analytic Definition
(i) f:[a,b] = R.

(ii) P := (xo,x1,...,x,) a partition of [a, b], with
a=x0<x1 < <xp=>.

(i) Az :=x; — ;-1 and Az = max]" ; Az;.

(iv) o} € [zi—1, ).
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Integration

Definition (Integration)

/abf@c)d - Zj Az

Whenever such a limit exists, we say f is integrable.
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Integration

Theorem (Fundamental Theorem of Calculus)
Let f :[a,b] — R be integrable and F(z) := [ f(t) dt. Then
F'(z) = f(z) and [° f(z)dz = F(b) — F(a).
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Integration

DIFFERENTIATION
TRY APPLYING
CHAN POLER
RULE RUE

QUOTIENT  PRODUCT
RULE RULE
ETC

xkcd.com/2117/

INTEGRATION

Sy,
VJHAT THE HECK 15 A
BESSEL FUNCTION??
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Integration in Magma

Example

dzx

/ 625 — 4zt — 3223 + 1222 + 342 — 24
26 — 8x4 + 1722 — 8
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Integration in Magma

1 > itg := IntegrateAssignNames(f/g);

2 > itg;

3 a*xlog(x”3 + (a - 1)*x72 - 3%x - 2%a + 2) +
(-a + 2)*xlog( x73 + (-a + 1)*x72 - 3*x
+ 2%a - 2)

/63:5—43;4—32x3+12x2+34x—24 "
— 8zt + 1722 — 8
= alog(z® + (a — 1)z? — 3z — 2a + 2)
+ (2 —a)log(z® + (1 — a)a® — 3z + 2a — 2)

4 > DefiningPolynomial (ConstantField (Parent (
itg)));
5 y°2 - 2xy - 1
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BEasy Wins
(1) Polynomials from Q[z].

(2) Lookup table: sinx, cosz, e, ...

(3) /1;/ = logu, u € Q[z].
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Integration Techniques

Problem
/
CC2 3+ 2

Solution

/ 1 _/ 1 +/ 1
22 —3r+2 z—1 z—2

= — log(x — 1) + log(x — 2)
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Partial Fractions

Problem
/ #
1'2 -2

Solution

Work in Q(v/2).

1L _ A B
2-2 -2 z4+2
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Partial Fractions

1 V2 V2
ERENE
e — 2 r—/2 z+2
= % log(z — V2) — g log( + v/2)
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Partial Fractions

Theorem (Partial Fractions)
Let f,g € Q[z] — {0}. Write g be the product of distinct

irreducibles i
g=]]r"
i=1

There are unique b, a;; with dega;; < degp; such that

Lovey 3o

zlgli
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BEasy Wins
(1) Polynomials from Q[z].

(2) Lookup table: sinz, cosz, e*, ...

(3) /1;/ = logu, u € Q[z].

(4) Partial fractions.
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Partial Fractions
Problem

[ &=

Already in partial fraction expansion form!
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Square-free Denominators

Let f,g € Q[x] — {0} with g square-free and ged(f, g) = 1.

Problem

Theorem (Kronecker)

Let F be a field and p € F[z] with degp > 0. There exists an
extension G of F' such that p has a root in G.

Corollary

There exists an extension K of F such that p has degp roots in
K. We say such a field K a splitting field of p.
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Square-free Denominators
Let g=(z—c1)-- (v — ¢,) € Klz].

By the partial fractions theorem, there are b, a; € K[x] with:

f —~
L —ph+ v
e

/£:/b+iaﬂog(w—0i)

i=1
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BEasy Wins
(1) Polynomials from Q[z].

(2) Lookup table: sinz, cosz, e*, ...

(3) /1;/ = logu, u € Q[z].

(4) Partial fractions when the denominator is square-free.
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Hermite’s Method

Problem

427 — 1625 4 282° — 35123 + 588x2 — 738
227 — 826 + 1425 — 4024 + 8223 — 7622 4+ 120z — 144
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Hermite’s Method

Theorem (Square-free Decomposition)

Let F' be a field and p € F[x] — {0}. There exist unique
square-free monic polynomials {¢;};", in F[z] and r € F such
that gcd(¢s, ¢j) = 1 whenever ¢ # j and

m

p=r]ld

=1

We call this the square-free decomposition of p.
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Hermite’s Method

/ I / 427 — 162° 4 282° — 35123 + 58822 — 738
g ) 227

H
\2

o
—/, VvV = Vv

— 826 4 142° — 402* 4 8223 — 7622 4+ 120x — 144

P<x> := PolynomialRing(RationalField ());

f = 4xx77 - 16*xx"6 + 28*%x"5 - 351%xx"3 +
588*xx7"2 - 738;

g = 2%x77 - 8*%x76 + 14*xx"5 - 40*x74 +
82xx~3 - 76xx72 + 120*%x - 144;

GCD(f, g);

SquarefreeFactorisation(g);
<x72 + x + 3, 2>, <x - 2, 3> ]

g= (2> +z+3)*(z—-2)?*
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Hermite’s Method

Theorem (Square-free Partial Fraction Decomposition)

Suppose F' is a field and f, g € F[z] — {0} with ged(f,g) = 1.
Without loss of generality, assume that g is monic such that
g=1I", qf the square-free decomposition of g. Then there
exist polynomials b and 75, 1 < j <4, 1 <4 < m such that

Loiyy

i=1 j= 1q7,

and degr; < deggq; foralli=1,...,m

21 /48



Hermite’s Method

10

11

12

13

14

15

16

> sfpf :=
SquarefreePartialFractionDecomposition (
£f/g);
> sfpf;
L
<1, 1, 2>,

<X"2 + x + 3, 2, 45xx + 45/2>,
<x - 2, 3, -5>

]
> f/g eq &+[ tm[3]/(tm[1]1"tm([2]) : tm in
sfpf];
true
., et d -5
g (2 4+2x+3)2%2  (x—2)3
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Hermite Reduction

Problem

r
— q square-free.
q

Base case: j = 1.

Theorem
Let F' be a field and p € F[x]. Then p is square-free if and only

if ged(p, %p) =1.

Theorem (Beézout’s Lemma)

Let F' be a field and p, ¢, g € F[x]. There exist polynomials
a,b € F[z] such that ap + bg = g if and only if ged(p, q) | g.
Moreover, if any a, b exist, there are particular solutions with
dega < degq and degb < degp.
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Hermite Reduction

Let s,t € F[x] satisfy sq + t¢' = r.

t/
Uk
¢ qf ¢’
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Hermite Reduction

Problem

tq'
rd

Integration by parts: [wv' =uv — [/v.

1
(G —1Dg!

t¢  —t/(j—1) t'/(j—1)
/qj T g! +/ g/ !

u=t, V= —
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Hermite Reduction

Therefore,

[T+ 15

s —t/(i—1 (-1

_/qJ T+ t/q(le )—i- t/((]?_l )
—t/(j -1 s+1'/(j -1
_ /q(]‘?1 )+/ +q§(]1 )
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Hermite’s Method

Problem

o 427 — 162° + 282° — 3512° + 58822 — 738
g ) 227 — 826 + 1425 — 4024 + 823 — 762 + 120 — 144

Fgy 452 + 3 -5

g (l‘2+$+3)2+($72)3
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Hermite’s Method

Problem
-5

=
1 > r := -5;
2 > q = x - 2;
3 > j = 3;
4 > _, s, t := XGCD(q, Derivative(q));
5 > S8 *:= r; t *:= r;
6 > -t/(j - 1), s + Derivative(t)/(j - 1);
7 5/2
s O
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Hermite’s Method
Problem

/ 45z + 2
(22 + 2 + 3)?

r := 45%xx + 45/2;
q := x"2 + x + 3;
j = 2

XGCD(q, Derivative(q));

t *x:= r;

-t/(j - 1), s + Derivative(t)/(j - 1);
7 90/11%x72 + 90/11%x + 45/22

s O

5
- S, T :
S *x:= 1,

'y
V V. V V V V

90,.2 90 45
+ [0
2+zx+3
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Hermite’s Method

47 — 1625 4 282° — 35123 + 58822 — 738
/ 227 — 826 4 1425 — 4024 + 8223 — 7622 + 1202 — 144
45z + B -5
/ /:c2+x+3 +/(w—2)3
??ﬁ + 115‘7 +3 22
z2+x+3

5
=2z + —2 =+
l’_
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BEasy Wins
(1) Polynomials from Q[z].

(2) Lookup table: sinx, cosz, e*, ...

(3) /1;/ = logu, u € Q[z].

(4) Partial fractions when the denominator is square-free.

(5) Hermite reduction.
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Efficient Square-free Integration

Definition
Let a,b € Fx] with

a= Zaixi, am # 0
b:zn:bixi, by # 0
i=0

The resultant of a and b may be defined

res(a, b) = ap byt [ (i —my)
1<i<m
1<j<n
where \; are the roots of @ and p; are the roots of b (counted
with their multiplicities) over a splitting field of ab.
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Efficient Square-free Integration

Theorem (Rothstein-Trager)

Let K be a finitely (and explicitly) generated algebraic
extension of Q and a,b € K[z] with dega < degb, gcd(a, b) =1,
b monic and square-free.

Let R(z) = resg(a — 2b/, b) € K[z]. Let {¢;}7, be the distinct
roots of R over its minimal splitting field K*. Then

/ =3 ciloglged(a — b, b))
=1
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Rothstein-Trager

Problem
422 + 22 — 4
3+ 22 -2 -2
Solution
9 > a := 4xx"2 + 2%xx - 4;
0 > b = x73 + x72 - 2%x - 2;
11 > PP<y, z> := PolynomialRing(RationalField
O, 2);
12 > h := hom< P -> PP | y >;
13 > r := Resultant(h(a) - z*h(Derivative (b))
, h(b), 1);
14 > T,

15

8xz~3 - 32xz"2 + 40xz - 16
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Rothstein-Trager

16 > rts:= Roots(UnivariatePolynomial(r));

17 > rts

18 [ <1, 2>, <2, 1> ]

19 > [<rt[1], GCD(a - rt[i1]l*Derivative(b), b)
> : rt in rts];

20 [

21 <1, x72 - 2>,

22 <2, x + 1>

23 ]

4% + 2z — 4 9
/$3+x2—2x—2 = log(z” — 2) + 2log(x + 1)
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Thanks for listening!

Questions?
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Elementary Functions

Definition (Elementary Function Field)

Let K = Q(a1,...,am) be a constant differential field (with
differential operator ') where each «; is algebraic over Q. Let z
be a transcendental symbol over K satisfying ' = 1 (in the
differential field (K (z),)). In the differential extension field
K(x,01,...,0,), we say each 0; (j =1,...,n) is elementary

over K(x,01,...,0;_1) if 0; is transcendental over
K(x,01,...,0;_1) and either:
(i) ¢ = u'/u for some u € K(x,01,...,0;-1) (in which case we

say 0; is logarithmic), or
(ii) 0%/0; = u' for some u € K(x,01,...,6;-1) (in which case we
say 0; is exponential).
If each 0; is elementary, then we say that K(z,61,...,6,-1) is
an elementary function field.
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Elementary Functions

Definition (Elementary Extension)

Let F be an elementary function field. We say G is an
elementary extension of F if G is an elementary function field,
G is a differential extension of F', and GG has the same constant
field as F.

Definition (Integration)

Let F be an elementary function field and f € F. If there exists
a finitely and explicitly generated elementary extension G of F
and a g € G with ¢’ = f, then we say g is the elementary
anti-derivative or elementary integral of f and write [ f = g. If
no such g or G exist, we say that f has no elementary integral.
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Liouville’s Principle

Theorem

Let F' be an elementary function field and € be transcendental
and logarithmic over F, with 0’ = % for some u € F. If

f € F[0] with deg f > 0, then:

(i) f € F|0].
(ii) If the leading coefficient of f is constant, then deg f’ =
deg f — 1.
(iii) If the leading coefficient of f is not constant, then deg f' =
deg f.
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Liouville’s Principle

Theorem
Let F' be an elementary function field and 6 be transcendental
and exponential over F', with 6’/ =« for some u € F.
(i) Forallg € F—{0} and n € Z—{0}, there existsa h € F—{0}
such that (g6™)" = ho".
(ii) If f € F[f] with deg f > 0, then [’ € F[f] and deg f' =
deg f.
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Liouville’s Principle

Theorem (Liouville’s Principle)

Let (F, D) be a differential field and f € F. If there exists an
elementary extension (G, E) of F' and a g € G such that

Eg = f, then there exist vg,...,vy, € F and ¢y, ..., ¢y in the
constant field of G such that

" Du;
=D —.
f vo + Z G ;

=1
Proof sketch.
Let G = F(#y, ..., 0,) and proceed by induction on n. Base
case is n = 0. For the inductive step, let g = ¢ with
a,be K(z,01, ..., 0;)[0r+1] and apply previous theorems. O
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Logarithmic Integration

Problem
Let f,g € F[0] where 0 elementary and logarithmic over F'.

/5

Solution
Use a variation of Hermite’s Method to find h € F'(f) and
p,a,b € F[0] with dega < degb and b monic and square-free,

and
[iose o[
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Logarithmic Integration

Theorem (Rothstein-Trager — Logarithmic Case)
Let F be an elementary function field and with constant field
K. Let 6 be elementary and logarithmic over F' and suppose
that F'(f) has the same constant field K. Let § € F'(f) where
a,b € F[0] with ged(a, b) = 1 and b monic and square-free. Let
R =resp(a — 2V, b) € F[z].

(i) [ ¢ is elementary if and only if all of the roots of R are

constants (equivalently, R/lc(R) € K|z]).

(ii) If [ ¢ is elementary then
a v
7= > Civ s (1)

where {¢;}I", are the distinct roots of R over its splitting
field and v; = ged(a — ¢V, b) for each i = 1,...,m.
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Logarithmic Integration

Let p =Y p0" € F[6).

m+1 n

/p = af' +> cjlogu,
i=0 j=1

gm+1 € K, qo,...,qn € F,v; € F, ¢; € K.

> pil = gm0 (g (i+1) ) 00 00 +q0+ D> e
i=0 i=1 =Y
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Logarithmic Integration

Problem
Let F' = Q(x) and 6 = log .

/(29+2)

Solution

/(29 +2) = @0 + 10 + o,

92,41, o € Q(z), g2 constant.

20 + 2 = (¢} +2q20")0 + ¢} + Go.
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Logarithic Integration

2 = q} + 2q20'
= q1—/2—2q2/0’—2x—2q20

— ¢ =0 and ¢ =2z

2=q+d =2+
== q =0

Therefore
/(29 +2) =220 € F(0).
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Exponential Integration

Problem

Let F be an elementary function field and 6 elementary and

exponential over F'.
m
I
i=—k

Solution
/sz ZQza —i—Zchogv]
i=—k i=—k
m , m , vk
— kaiel = .ka; +ig:0")0" + Z; s
= f=— j=
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Exponential Integration

pi = q; +1i0'q;

Risch Differential Equation

v+ fy=9, f,geF
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